We present results for the spectrum of excited mesons obtained from temporal correlations of spatially-extended single-hadron and multi-hadron operators computed in lattice QCD. The stochastic LapH algorithm is implemented on anisotropic, dynamical lattices for isovectors for pions of mass 390 MeV. A large correlation matrix with single-particle and two-particle probe operators is diagonalized to identify resonances. The masses of excited states in the I = 1, S = 0, T + 1u channel as well as the mixing of single and multi-particle probe operators are presented.
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Introduction
The finite volume hadron spectrum determined from lattice QCD simulations provides information concerning hadrons and hadron interactions that supplements the physical properties determined from experiments. In particular, it yields the QCD spectrum (up to cutoff effects) at any quark mass and spatial volume. Physical scattering lengths, phase shifts and decay widths can be deduced from this spectrum [1] . In this contribution, we present progress that has been made towards the goal of determining the finite volume stationary state energies of QCD from lattice QCD simulations (earlier reports can be found in [2] ) utilizing approximate all-to-all quark propagators to include contributions from disconnected diagrams and explicit two-particle operators. In particular, we present our preliminary spectrum in the I = 1, S = 0, T + 1u symmetry channel and results concerning the identification of the energy levels obtained with 2 + 1 dynamical clover-improved, anisotropic lattices [3] generated by the Hadron Spectrum Collaboration.
Lattice QCD
The stationary state energies in any particular symmetry channel can be extracted from MonteCarlo estimates of Euclidean-space correlation functions C i j (t) = 0|O i (t + t 0 )O † j (t 0 )|0 estimated at a particular lattice spacing and volume. The probe operators O i annihilate/create states with particular quantum numbers. A simple example of a probe operator is ∑ ψ(x,t)γ 5 ψ(x,t). We compute the Euclidean-space correlation functions on 2 + 1 dynamical, anisotropic lattices with spatial lattice spacings a s 0.12 fm and temporal cutoff a The spectrum in a finite but large enough volume and small quark masses will have multiparticle thresholds. In order to determine the tower of states in a given symmetry channel, we require interpolating/probe operators that have significant overlap with these two-particle states. This typically requires the use of explicit multi-hadron probe operators, each with some finite momentum, as it is well known that single-particle probe operators couple only weakly to twoparticle states. In order to construct a large basis of probe operators which include multi-particle contributions in an efficient manner, we construct our correlation functions in each channel using stochastic LapH quark propagators [4, 5] .
Stochastic LapH Quark Propagators
The stochastic LapH method [4] is a way of estimating quark propagation from all points on the lattice to all other points on the lattice for smeared quark fields. Probe operators for spectroscopy are typically constructed from smeared quark fields to suppress the high-lying modes present in the fields. An efficient way of evaluating smeared quark propagators has been developed in Ref. [6] whose main idea is to propagate only the low energy modes of the spatial Laplacian operator∆. We shall restrict the eigenmodes of the Laplacian to the lowest lying 112 modes for the 24 3 lattice and 264 modes for the 32 3 lattice which correspond to a smearing cutoff of σ 2 = 0.33. The smeared quark fields are then given byψ
where S is the Heaviside-step function Θ σ 2 +∆ , a, b are color indices and α, β are spin indices. The particular choice of the smearing cutoff parameter is described in Ref. [4] .
The above method is then combined with a stochastic approach in order to efficiently evaluate contributions from disconnected diagrams and to simplify the construction of multi-hadron operators/correlation functions. In Ref. [4] , stochastic noise was introduced only in the LapH subspace and then diluted [7] to reduce the variance in the correlation functions. One of the advantages of using approximate all-to-all propagators, apart from being able to evaluate disconnected diagrams, is that it simplifies the construction of the probe operators allowing a larger basis of operators to be used in the variational analysis.
Probe Operators
We outline the construction of probe operators using stochastic LapH quark propagators below.
Single-Hadron Operators
Single-hadron operators are constructed from gauge-covariantly-displaced, LapH-smeared quark fields q
as building blocks. Here, a is the color index, α is the Dirac spin index, A is the quark flavor (or quark line), γ 4 is the temporal Dirac γ-matrix and the displacement is a product of stout-smeared link variables
For single-meson operators, we first form gauge-invariant two-quark elemental operators of the form
where p is the three-momentum of the meson and α, β are the combined spin and displacement indices. The displacements of the fields are needed to ensure the proper G-parity transformations for non-zero displacements d α and d β of the LapH smeared quark fieldsψ. Single baryon elemental operators are constructed in a similar way using three independent smeared and displaced noise vectors q A aα . The elemental operators must be combined to transform irreducibly under the symmetries of the three-dimensional cubic lattice [8] . The group theory coefficients c (i) αβ are used to project out particular irreps, where i is a compound index comprised of three-momentum p, the irrep Λ of the little group of p, the row λ of the irrep, total isospin I, third component of isospin I 3 , strangeness S and the identifier labeling the particular operator in each symmetry channel. The single-hadron source operators then take the form,
Two-Hadron Operators
Two-hadron operators are formed by combining single-hadron operators with finite momenta with the appropriate group theory coefficients. We require the coefficients for two-hadron operators with total momentum p = p a + p b , isospin (I, I 3 ), strangeness S, little group irrep Λ and row λ . The two-hadron operator also carries another index which specifies the particular type of the twoparticle operator.
We could construct single-hadron operators with any momentum from the LapH quark propagators, but we have focused on the simplest momenta types (on-axis, planar-diagonal, cubicdiagonal) for most of the symmetry channels for practical reasons. The general form of two-particle operators are given by, c
where H
is a meson or baryon operator. The group theoretical projections of these operators involves the rotations of finite momentum operators requiring us to define the finite momentum states in an arbitrary but a fixed way. We choose a reference direction p ref for each class of momentum directions, and for each p, we select one reference rotation R 
Correlation Functions
Correlation functions, C i j (t) = 0|O i (t + t 0 )O j (t 0 )|0 involving the various gauge invariant, single/two-hadron operators are expressed in terms of path integrals which are estimated using the Monte-Carlo method. We normalize the operators at some early timeslice τ N and formĈ i j (t) =
−1/2 . This removes the effects of different normalizations of the operators.
We then evaluate the eigenvalues ofĈ and remove those eigenvectors which have negative eigenvalues and eigenvalues less than a threshold value, which is chosen to be the ratio of the largest eigenvalue over some chosen maximum condition number. The resulting correlation matrix C(t) is then used in the variational analysis.
Analysis
We use the fixed-coefficient method to rotate our correlation matrix into a diagonal matrix at a specified timeslice, τ D for a fixed metric timeslice, τ 0 . The metric timeslice and the diagonalization point are chosen to be as large as possible while keeping the statistical noise manageable to perform stable exponential fits. The resultant correlators are given by,
where the columns of U are the orthonormalized eigenvectors of C(
We then perform single exponential fits A n (e −E n t + e −E n (T −t) ) where T is the temporal extent of the lattice, yielding the energies E n and the overlaps A n to the rotated operators for each n. The overlaps in the original basis is given by rotating back, Z
jk U kn A n (no summation over n) where the indices correspond to the rows and columns of the correlation matrix C(t).
State Identifications
Identifying the extracted energy levels with a particular physical state is non-trivial, especially when the finite volume spectrum is limited to a couple of different box sizes. The kinematics of our lattices are such that the ground state is a single-particle state, which we identify with state Figure 1 : The overlap factors for three different, two-particle operators plotted against the energy levels n. The left and right figures are for π-π-type operators and the middle is for a K-K-type operator. One finds that the n = 1 and n = 3 excited state is predominatly a π-π state and the n = 2 state is a K-K state.
that becomes the ρ resonance in the physical spectrum. Inspection of the overlap factors provides support for the ground state as a single-particle state (not shown).
The largest relative overlaps with the first-excited level come from the explicit π-π operators with finite momentum in our scenario (Fig. 1) . The pion mass and the box sizes used here are such that this state is heavier than the ground state ρ resonance. We expect that the overlap of the two-pion operator to become larger than the single-particle operator for the ground state once the kinematics allows smaller momenta for lighter pions.
The largest relative overlaps with the second-excited level come from the explicit K-K state in this volume and m π (middle plot in Fig. 1 ). The third level (right figure) is again identified with a π-π state. Some of the higher levels receive contributions from many operators, but one can proceed in this fashion to try and give the dominating physical content of each level.
In order to identify the levels extracted with the physical resonances determined in experiments, we re-diagonalize the correlation matrix using only the single-hadron probe operators. The procedure is similar to the one used for the full matrix. We have determined five of the lowest lying single-hadron states in this way in the I = 1, S = 0, T + 1u channel. The energies are plotted in Fig. 2 where the masses are expressed in units of 3/5 of the Ω baryon mass. Comparison with the experimental spectrum (right column) shows that the qualitative features of the spectrum agree and that all of the states below ρ(1700) have been determined with the correct level ordering.
Conclusions
Progress in our efforts to compute the finite-volume low-lying spectrum of QCD was presented with the focus on the ρ channel. Our approach relies on group theoretical construction of probe operators whose elements are the sources and solutions of stochastic LapH quark propagators. The advantages of the method are that disconnected diagrams and same-time diagrams can be estimated as well as the fact that multi-hadron operators can be formed easily for inclusion in a large variational basis of operators. Preliminary results in the isospin-1, strangeness-0 sector have been presented for the 24 3 lattice. Analysis of the 32 3 results for the scattering lengths, phase shift and decay width calculations as well as the lighter pion mass data are in progress and will be presented in future work. 
